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Harmony search (HS) is a novel heuristic algorithm that imitates the improvisation process of musicians. The feasibility of
HS algorithm has already been proven on several benchmark problems. In this paper, HS is proposed to solve Loney’s solenoid
problem. To further enhance the convergence efficiency of HS, the improvisation with a Gaussian factor is employed. The newly
developed algorithm, which is named Gaussian HS (GHS), can succeed in solving Loney’s solenoid problem according to the
numerical simulations. Comparative results show that our proposed GHS outperforms HS and particle swarm optimization in both
the convergence speed and efficiency.
Index Terms— Gaussian, harmony search (HS), Loney’s solenoid problem, optimization.

I. I NTRODUCTION
ITH the development of science and technology, many
practical optimization design problems have been
raised, which give rise to the boom of bioinspired computation
algorithms. These intelligent algorithms are expected to find
the global optimum of objective function fast and precisely.
However, all these optimization methods are more or less
trapped into local optimum. To prove the effectiveness of a
certain algorithm and its ability to escape from local optimum
region, benchmark problems are involved. Loney’s solenoid
problem is a benchmark for inverse problems in magnetostatics
[1], [2]. It is characterized by designing two geometrical
parameters of two correcting coils to create an approximate
constant magnetic field in an interval along the center axis
of the main coil. Because of the method how the uniformity
of the magnetic field is evaluated, the objective function of
this problem is nonanalytic and ill-behaved. The function
is complicated and multimodal, and is often applied as an
excellent benchmark problem to test optimization algorithms.
Harmony search (HS) is a novel heuristic algorithm proposed in [3], which imitates the improvisation process of musicians. A new music harmony is improvised from musician’s
memory with adjustment of syllables. Then, it is evaluated
from an aesthetic point of view. This process can be imitated to
create a heuristic algorithm, which has several advantages over
other popular optimization algorithms. In traditional heuristic
algorithm, to generate a new input vector, only two parents in
the existing input vectors are considered, while HS considers
all the existing input vectors with a possibility. Furthermore,
HS could also generate a new vector totally independent to the
existing vectors. These features help HS have a better ability to
escape from local optima and a higher possibility to approach
the global optimum.
In this paper, HS is applied to solve Loney’s solenoid problem. Buildup of the mathematical model of this benchmark
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problem is introduced. To improve the convergence efficiency
of HS, a new technique updating candidate vectors using
a Gaussian factor is employed. Comparative simulations are
carried out to verify its effect.
The rest part of this paper is organized as follows. The
main concept and process of original HS is introduced in
Section II. Then, the modified Gaussian HS (GHS) is elaborated in Section III. Section IV formulates the Loney’s
solenoid problem and the related optimization problem. The
simulation results and analysis are given in Section V. Finally,
concluding remarks are contained in Section VI.
II. HS A LGORITHM
A. Main Concepts
Optimization process and musical performance have many
factors in common. Because of these common factors, HS
algorithm was proposed in 2001. Many musical concepts are
introduced into this algorithm, and several significant parameters in HS are created accordingly. Harmony memory (HM)
contains existing input vectors. Harmony memory size (HMS)
is the number of vectors stored in HM. HM consideration
rate (HMCR), ranging from 0 to 1, represents the rate to
consider the existing vectors when improvising a new vector.
For instance, HMCR equals 0.9 means in next improvisation
operation, a vector will be chosen from the HM with a
probability of 90%. Pitch adjustment rate (PAR) is a parameter
used in pitch adjusting process, which also ranges from 0
to 1, PAR equals 0.1 means that the algorithm chooses a
neighboring value with a probability of 10% (to an upper
value of 5% and to a lower value of another 5%) [3]. Distance
bandwidth (bw) is another parameter used in pitch adjusting
process, which determines the step width when adjusting each
element in the vector.
B. Process of HS Algorithm
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The strategy used by HS algorithm to search for the global
optimum imitates the music improvisation process. The flowchart of HS is shown in Fig. 1.
Initializing the HM is the first step of the algorithm. In this
step, input variables of the objective function are written in
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Fig. 2.

Fig. 1.

Flowchart of HS.

a vector. Ranges of each input variable are provided. HMS
vectors are randomly generated according to (1), and then
stored in the HM
x ir = x il + rand × (x iu − x il )
x iu

(1)

x il

where
and is the upper and lower limit of the i th element
in the vector.
The improvisation process is the second step, which is the
most important part in the algorithm. In this step, a new
vector is improvised through the following strategy. At first,
the algorithm decides whether to choose an existing vector
from the HM or to generate a brand new vector according to
HMCR. Then, if a new vector is generated, it will be taken
as the new improvised vector, otherwise, each element in the
chosen vector will be adjusted according to the parameters
PAR and bw, as shown in (2). Then, the adjusted vector will
be taken as the new improvised vector
x inew = x ir ± rand × bw (rand < PAR)
x inew = x ir (rand ≥ PAR).

(2)

The third step is updating the HM. The new improvised
vector is evaluated and compared with the existing vectors
stored in the HM by the objective function value. If the
performance of the new improvised vector is better than the
worst one in the HM, then, include the new vector and exclude
the worst one. The HM updating process is accomplished.
The fourth step is to check if the stopping criteria are
satisfied, if so, stop improvising, otherwise, go back to the
improvisation step.
III. I MPROVED HS A LGORITHM
A. Improvements
An ideal optimization algorithm is supposed to converge
to the global optimum fast and precisely. HS algorithm has

Distribution of parameter g.

been proven to have a pretty good convergence rate [4].
However, there is still room for improvement; many ideas of
improvements can be observed in [5]–[7]. In this paper, we
propose two methods to improve the algorithm. We first adopt
a variable step bw, then introduce a Gaussian factor into the
improvisation process.
In the improvisation process, if the HMCR criterion is
satisfied, an existing vector will be chosen from the HM. Then,
each element in the chosen vector will be adjusted according
to two parameters, PAR and bw. A large bw may result in
premature convergence to local minima, while a small bw may
cause excessive exploitation and slow down the convergence
rate. One major weakness of HS is that the algorithm employs
a constant bw throughout the whole searching process. Parameter α facilitates an automatic decrease of bw as iteration
proceeds, and α can be computed according to (3)
α =1−λ×

itercurrent
itermax

(3)

where λ is a parameter, which decides how fast bw decreases
as iteration proceeds.
We also introduce a Gaussian factor into the improvisation
process. More specifically, if the PAR criterion is satisfied, the
algorithm will adjust the element according to bw. As iteration
proceeds, we want the algorithm to apply a relatively small
step to search around the old position with a higher possibility,
and apply a relatively large step to search around the old
position with a lower possibility. In this way, the algorithm
is supposed to convergence more quickly and find a more
precise result. We propose a method that multiplies bw by a
parameter g. Parameter g submits to a Gaussian distribution.
With α and g, we replace (2) with (4)
x inew = x ir ± g × α × bw (rand < PAR)
x inew = x ir (rand ≥ PAR).

(4)

As parameter g plays an important role in our improvement,
we name the improved algorithm GHS. σ denotes the variance
of g. Fig. 2 shows the distribution of parameter g(σ = 0.5).
We expect that our improvement with parameter g and α
could raise the convergence rate and help our algorithm find
better results. The performance of our method is closely
related to the value of σ . The effects of σ will be discussed
in Section V.
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B. Theoretical Analysis
The theoretical analysis of evolutionary algorithms is very
important. Reference [8] proposed a method to estimate
the explorative power of HS with the expectation of the
population variance of HM. To simplify the problem, we
assume all the vectors x i in HM are 1-D, i.e., HM = x =
{x 1, x 2 . . . , x HMS }T . Each x is corresponding to a fitness value
y, y = {y1, y2 . . . , yHMS }T . According to [8], the population
variance of y is given by (5)


HMS
 
2
 
1  l
y − ȳ
= E y 2 −E ȳ 2 . (5)
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E( ȳ ) =
HMS
2

=

1
HMS

l=1
HMS


Fig. 3. Upper half-plane of the axial cross section of Loney’s solenoid
problem.
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Magnetic field on the center axis of a circular current.

In our method, we set bw = bw0 × α × g, and then we
obtain
bw02 α 2 g 2
· HMCR · PAR.
3
(10)
Parameter α decreases as iteration proceeds, and this helps
E(y(var)) to converge and avoid diverging. Parameter g subjects to a Gaussian distribution, and E(y(var)) has a possibility
to increase. Therefore, our method is supposed to balance the
explorative power and the convergence rate of the algorithm.
E(y(var)) = HMCR · E(x(var)) +




  l 2
× (HMS − 1) · E y
.

(7)

Replace (5) with (6) and (7), we obtain


1
E(y(var)) = (1 −
) · (HMCR · E(x(var))
HMS
bw2
+HMCR · (1 − HMCR) · x̄ 2 +
3
1
·HMCR · PAR + (1-HMCR) · (a − b)2 (8)
12
where [a, b] is the searching range of x, x (var), and y (var)
denote the variance of x and y, respectively.
If E(y(var)) is large, it implies the algorithm enhances
its explorative power, but may make it hard to converge or
even diverge [8]. Therefore, it is important to balance the
explorative power and the stability of HS. Because 1/HMS is a
small value and HMCR is a value close to 1, we reduce (8) to
E(y(var)) = HMCR · E(x(var)) +

Fig. 4.

bw2
· HMCR · PAR.
3

(9)

IV. F ORMULATION OF L ONEY ’ S S OLENOID P ROBLEM
Loney’s solenoid problem is a benchmark for inverse problems in magnetostatics. It is characterized by designing two
geometrical parameters of two correcting coils to create an
approximate constant magnetic field in an interval along the
center axis of the main coil [9]. The upper half-plane of the
axial cross section of the system is shown in Fig. 3.
Objective function of the Loney’s solenoid problem is
defined as F(s, l). The optimization problem is aiming at
finding the global minimum of F(s, l)
F(s, l) =

Bmax − Bmin
B0

(11)

where Bmax and Bmin are the maximum and minimum value
of the magnetic flux density in the interval, respectively. B0
is the magnetic flux density at z 0 = 0. Values of Bmax , Bmin ,
and B0 and positions of Bmax , Bmin are all functions of s and
l [10].
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Fig. 5.

Magnetic field calculation of a current sheet.

Fig. 6.

Contour map of the objective function.

TABLE I
S IMULATION R ESULTS IN 1000 RUNS

Fig. 7. (a) Evolution curve of the best value of the objective function.
(b) Evolution curve of the mean value of the objective function. In both (a)
and (b), λ = 0.3 and σ = 0.5 for GHS.

as follows:
B=

To calculate synthetic magnetic flux density at a certain
point in the given interval, some approximations are considered. The current density J in all the three coils is supposed
to be a constant. According to the Biot–Savart Law, each
infinitesimal current element makes a contribution to the
magnetic field at a point in space. The magnetic field along the
center axis of a circular electronic current can be calculated

μ0
×
2

R2 I
(R 2

+ r02 )

3/
2

.

(12)

In this problem, current intensity I in (12) equals J ·ds,
where J is the current density and ds is a tiny area in the
coils.
The synthetic magnetic flux density at a certain position
on the center axis can be calculated by integral in the whole
coils. To simplify the problem, each coil is approximated to
four coaxial current sheets (See Fig. 5). The contribution of
each sheet can be calculated as follows:
r
1
)(cos β2 − cos β1 )
(13)
B = μ0 (J
2
4
where r = r4 − r3 , or r = r2 − r1 . Current intensity in dl
equals J r/4. R’ is the radius of a current sheet.
To estimate Bmax and Bmin , synthetic magnetic flux density
of five positions in [0, z 0 ] are calculated. The maximum and
minimum are chosen from the five values.
Though all these approximations contribute to the error in
objective function F(s, l), the essence of the problem remains
the same.
V. A PPLICATIONS AND C OMPARISONS
The behavior of the objective function is shown in Fig. 6,
which expresses log10 of the function value. Because of the
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of each run has a strong randomness; it is hard to say, which
σ gives a better convergence rate exactly. Roughly speaking,
σ around two is a more preferable value.
VI. C ONCLUSION
HS is a novel heuristic algorithm that imitates the improvisation process of musicians. In this paper, we proposed
two strategies to improve the algorithm. We first adopt a
variable step bw, then introduce a Gaussian factor into the
improvisation process. We have successfully applied GHS to
a typical benchmark problem—Loney’s solenoid problem. The
comparative results show GHSs ability to converge to a good
solution fast and precisely.
Our future work will focus on applying the proposed
approach to dc brushless motor of unmanned systems [12],
[13], which is also a challenging field.
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approximations in the preceding part, the function may be a little different from the previous ones used by other researchers.
However, it can also serve as a benchmark problem to test
various optimization algorithms. As it is shown in Fig. 6, a
U-shaped steep and a narrow valley are present. The global
minimum and many local minima can be found in the
narrow valley [11]. By sampling densely in the narrow valley,
an approximate global minimum can be discovered to be
3.2122 × 10-8 .
To verify the performance of GHS, we compare GHS with
the original HS and a classical method, particle swarm optimization (PSO) algorithm. In this test, s and l both range from
0 to 0.2, the cycle index of HS algorithm is 1500. For PSO, the
total colony size is 30, and the cycle index is 50. Therefore,
each algorithm calculates the objective function 1500 times.
Parameters used in the tests are: HMS = 100, HMCR =
0.95, PAR = 0.7, and Iter = 1500. σ is an important parameter
in our method, so we chose different pairs of (λ, σ ) to observe
how it affects the convergence rate. λ is set to be 0.3. We run
each algorithm 1000 times, the simulation results are shown
in Table I. Evolution curves can be observed in Figs. 7 and 8.
We can observe from the simulation results that our improvement works most of the time. The improved algorithm
provides a better result and a higher convergence rate. It should
be noted that its performance related closely with σ , which
denotes the variance of parameter g. If σ is too small, the
performance of the improved algorithm will degrade. The
reason may be the algorithm searches too much around the
old position. On the whole, GHS has a better convergence rate
than the original HS and PSO. The convergence rate is also
affected by σ , but not very obviously. The convergence rate
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